Linear complementary dual codes (or codes with complementary duals) are codes whose intersections with their dual codes are trivial. We study the largest minimum weights d(n, k) among all binary linear complementary dual [n, k] codes. We determine d(n, 4) for n ≡ 2, 3, 4, 5, 6, 9, 10, 13 (mod 15), and d(n, 5) for n ≡ 3, 4, 5, 7, 11, 19, 20, 22, 26 (mod 31). Combined with known results, d(n, k) are also determined for n ≤ 24.
Introduction
Let F q denote the finite field of order q, where q is a prime power. An [n, k] code C over F q is a k-dimensional vector subspace of F n q . A code over F 2 is called binary. The parameters n and k are called the length and dimension of C, respectively. The weight wt(x) of a vector x ∈ F n q is the number of non-zero components of x. A vector of C is called a codeword of C. The minimum non-zero weight of all codewords in C is called the minimum weight d(C) of C. An [n, k, d] code is an [n, k] code with minimum weight d. Two [n, k] codes C and C over F q are equivalent if there is an n × n monomial matrix P over F q with C = C · P = {xP | x ∈ C}. The dual code C ⊥ of an [n, k] code C over F q is defined as C ⊥ = {x ∈ F n q | x · y = 0 for all y ∈ C}, where x · y is the standard inner product.
A code C of length n is called linear complementary dual (or a linear code with complementary dual) if C ∩ C ⊥ = {0 n }, where 0 n denotes the zero vector of length n. We say that such a code is LCD for short. LCD codes were introduced by Massey [14] and gave an optimum linear coding solution for the two user binary adder channel. Recently, much work has been done concerning LCD codes for both theoretical and practical reasons (see [3-5, 7, 8, 12] and the references therein). In particular, we emphasize the recent work by Carlet, Mesnager, Tang, Qi and Pellikaan [5] . It has been shown in [5] that any code over F q is equivalent to some LCD code for q ≥ 4. This motivates us to study binary LCD codes.
From now on, all codes mean binary codes, and binary codes are simply called codes. It is a fundamental problem to determine the largest minimum weight among all LCD [n, k] codes. In this paper, we study the minimum weights of linear complementary dual codes. Throughout this paper, let d(n, k) denote the largest minimum weight among all LCD [n, k] codes.
It is trivial that d(n, n) = 1. It is known [7] that d(n, 1) = n and n − 1 if n is odd and even, respectively. It was shown in [8] that d(n, 2) = 2n 3 if n ≡ 1, 2, 3, 4 (mod 6), and 2n 3 − 1 otherwise for n ≥ 2. In addition, it was shown in [12] that d(n, 3) = 4n 7 if n ≡ 3, 5 (mod 7) and 4n 7 − 1 otherwise for n ≥ 3. The aim of this paper is to establish the following theorems. If n ≡ 4 (mod 31) and n ≥ 5, then
The minimum weights d(n, k) were determined in [8] and [12] for n ≤ 12 and 13 ≤ n ≤ 16, respectively. In this paper, we extend the results to lengths up to 24. To do this, we complete classifications of (unrestricted) codes for the parameters listed in Tables 12 and 13 .
All computer calculations in this paper were done by programs in MAGMA [2] and programs in the language C. Two software libraries NTL [17] and NAUTY AND TRACES [15] were used.
LCD codes of dimension 4
Throughout this paper, we use the following notations. Let 0 s and 1 s denote the zero vector and the all-one vector of length s, respectively. Let I k denote the identity matrix of order if n ≡ 0, 1, 5, 7, 8, 9, 11, 12, 13, 14 (mod 15) ,
For a = (a 1 , a 2 , . . . , a 15 ) ∈ Z 15 ≥0 , we define an [n, 4] code C(a) having generator matrix of the form G(a) = I 4 M(a) , where M(a) = ⎛ ⎜ ⎜ ⎝ 1 a 1 1 a 2 1 a 3 1 a 4 0 a 5 1 a 6 1 a 7 1 a 1 1 a 2 1 a 3 0 a 4 1 a 5 1 a 6 0 a 7 1 a 1 1 a 2 0 a 3 1 a 4 1 a 5 0 a 6 1 a 7 1 a 1 0 a 2 1 a 3 1 a 4 1 a 5 0 a 6 0 a 7 1 a 8 0 a 9 0 a 10 0 a 11 1 a 12 0 a 13 0 a 14 0 a 15 0 a 8 1 a 9 1 a 10 0 a 11 0 a 12 1 a 13 0 a 14 0 a 15 0 a 8 1 a 9 0 a 10 1 a 11 0 a 12 0 a 13 1 a 14 0 a 15 1 a 8 0 a 9 1 a 10 1 a 11 0 a 12 0 a 13 0 a 14 1 a 15 ⎞ ⎟ ⎟ ⎠ .
By considering all codewords, the weight enumerator of the code C(a) is written using a 1 , a 2 , . . . , a 15 as follows:
1 +y 1+a 1 +a 2 +a 3 +a 4 +a 6 +a 7 +a 8 +a 12 + y 1+a 1 +a 2 +a 3 +a 5 +a 6 +a 9 +a 10 +a 13 +y 1+a 1 +a 2 +a 4 +a 5 +a 7 +a 9 +a 11 +a 14 + y 1+a 1 +a 3 +a 4 +a 5 +a 8 +a 10 +a 11 +a 15 +y 2+a 4 +a 5 +a 7 +a 8 +a 9 +a 10 +a 12 +a 13 + y 2+a 3 +a 5 +a 6 +a 8 +a 9 +a 11 +a 12 +a 14 +y 2+a 2 +a 5 +a 6 +a 7 +a 10 +a 11 +a 12 +a 15 + y 2+a 3 +a 4 +a 6 +a 7 +a 10 +a 11 +a 13 +a 14 +y 2+a 2 +a 4 +a 6 +a 8 +a 9 +a 11 +a 13 +a 15 + y 2+a 2 +a 3 +a 7 +a 8 +a 9 +a 10 +a 14 +a 15 +y 3+a 1 +a 2 +a 8 +a 10 +a 11 +a 12 +a 13 +a 14 + y 3+a 1 +a 3 +a 7 +a 9 +a 11 +a 12 +a 13 +a 15 +y 3+a 1 +a 4 +a 6 +a 9 +a 10 +a 12 +a 14 +a 15 + y 3+a 1 +a 5 +a 6 +a 7 +a 8 +a 13 +a 14 +a 15 +y 4+a 2 +a 3 +a 4 +a 5 +a 12 +a 13 +a 14 +a 15 .
The (i, j )-entry b i,j of G(a)G(a) T is written using a 1 , a 2 , . . . , a 15 as follows: 
where a 1 , a 2 , . . . , a 15 are regarded as elements of F 2 . Write n = 15t + s, where t ∈ Z ≥0 and s ∈ {0, 1, . . . , 14}. For s = 2, 3, 4, 5, 6, 9, 10, 13, by considering C(a), we found the codes C 15t+s meeting the bound (1) with equality, where the vectors a are listed in Table 1 . The minimum weights are determined from the weight enumerators W obtained by (2) , where W are listed in Table 2 .
It was shown in [14] that a code C is LCD if and only if GG T is nonsingular for any generator matrix G of C. This fact is used in order to show that a given code is LCD, throughout this paper. From (3), the determinants det(G(a)G(a) T ) are written using t, where the results are listed in Table 3 . It follows from the table that det(G(a)G(a) T ) = 1 for every nonnegative integer t. Hence, we have the following:
In addition, there is an LCD [n, 4, d] code for (n, d) = (5, 2), (9, 4) , (10, 4) and (13, 6) [8] and [12] . This completes the proof of Theorem 1.
For s = 0, 1, 7, 8, 11, 12, similarly, we found the codes C 15t+s = C(a), where the vectors a are listed in Table 1 . These codes have minimum weight one or two less than the largest possible minimum weight in the bound (1) . Their weight enumerators W obtained by (2) and their determinants det(G(a)G(a) T ) obtained by (3) are listed in Tables 2 and 3 , respectively. Hence, we have the following: 
In addition, there is an LCD [n, 4, d] code for (n, d) = (11, 4), (12, 5) and (14, 6) [8] and [12] . Therefore, we have the following: Table 5 . To save space, the sequences m = (m 1 , m 2 , m 3 , m 4 ) are written in octal using 0 = (000), 1 = (001), . . . , 7 = (111), together with a = (0) and 
LCD codes of dimension 5
Suppose that there is an (unrestricted) [n, 
For a = (a 1 , a 2 , . . . , a 31 ) ∈ Z 31 ≥0 , we define an [n, 5] code C(a) having generator matrix of the form G(a) = I 5 M(a) , where M(a) is listed in Fig. 1 . Using an approach similar to that in the previous section, the weight enumerator W and the determinant det(G(a)G(a) T ) for the code C(a) are written using a 1 , a 2 , . . . , a 31 . Write n = 31t + s, where t ∈ Z ≥0 and s ∈ {0, 1, . . . , 30}. For s = 3, 4, 5, 7, 11, 19, 20, 22, 26, by considering C(a), we found the codes D 31t+s meeting the bound (5) with equality, where the vectors a are listed in Table 14 . In Table 14 , we denote t − 1, t + 1 by t − , t + , respectively. The minimum weights are determined from the weight enumerators W , where W are listed in Table 6 .
The determinants det(G(a)G(a) T ) are written using t, where the results are listed in Table 7 . It follows from the table that det(G(a)G(a) T ) = 1 for every nonnegative integer t. Hence, we have the following: In addition, there is an LCD [n, 5, d] code for (n, d) = (7, 2) and (11, 4) [8] and [12] . Our computer search found an LCD [n, 5, d] code for (n, 5) = (19, 8) , (20, 9) , (22, 10) and (9, 3) , (13, 5) , (14, 5) , (15, 6) , (16, 6) , (17, 7) , (18, 7), (21, 9) , (23, 10), (24, 11), (25, 11), (27, 12), (28, 13), (29, 13), (30, 14), we found the codes C 31t+s = C(a). These codes have minimum weight one or two less than the largest possible minimum weight in the bound (5) . For these codes, we list the vectors a, the weight enumerators W and the determinants det(G(a)G(a) T ) in Tables 14, 6 and 7, respectively. In Table 14 , we denote t −1, t +1 by t − , t + , respectively. Since there is an LCD [n, 5, d] code for (n, d) = (8, 2), (10, 3) and (12, 4) [8] and [12] , we have the following: 
in order to verify that there is no LCD [n, 5, d] code, our computer calculation completed a classification of (unrestricted) [n, 5, d] codes by the method given in Section 2.
In Table 9 , we list N n, 5,d and N n,k,d (k = 2, 3, 4, d = d, d + 1, d + 2, d + 3) for We describe how our computer calculation determined the minimum weights d(n, k). Let d all (n, k) denote the largest minimum weight among all (unrestricted) [n, k] codes. One can find the current information on d all (n, k) in [9] . For the following pairs (n, k) = (17, 5), (17, 8) , (18, 6), (18, 9) , (19, 7) , (20, 4) , (20, 8) , (20, 10) , (21, 5) , (21, 9) , (22, 10), (22, 11), (23, 6), (23, 11), (23, 12), (23, 14), (24, 5), (24, 7), (24, 12), (24, 14),
the classifications of [n, k, d all (n, k)] codes are known (see Table 11 for the references). Using the classifications, we determined the number N L of all inequivalent LCD [n, k, d all (n, k)] codes. Along with N L , the number N of all inequivalent [n, k, d all (n, k)] codes is listed in Table 11 . For the following pairs (n, k) = (17, 6), (17, 11) , (18, 5), (18, 7), (19, 8) , (19, 13) , (20, 7) , (20, 9) , (21, 8) , (21, 10) , (21, 11) , (21, 15) , (22, 4) , (22, 9) , (23, 4), (23, 5), (23, 9) , (23, 10), (23, 13), (23, 17), (24, 11),
we completed the classifications of [n, k, d all (n, k)] codes by the method given in Section 2.
The number N of all inequivalent [n, k, d all (n, k)] codes is listed in Table 12 . From the classification, we know that there is no LCD [n, k, d all (n, k)] code for (n, k) listed in (8) .
For each of the parameters, all inequivalent codes can be obtained electronically from http:// yuki.cs.inf.shizuoka.ac.jp/lcd2/. In addition, for the following pairs (n, k) = (20, 8), (21, 9) , (22, 10), (23, 11), (24, 12),
we also completed the classifications of [n, k, d all (n, k) − 1] codes by the method given in Section 2. The number N of all inequivalent [n, k, d all (n, k) − 1] codes is listed in Table 13 . From the classification, we know that there is no LCD [n, k, d all (n, k) − 1] code for (n, k) listed in (9) . For each of the parameters, all inequivalent codes can be obtained electronically from http://yuki.cs.inf.shizuoka.ac.jp/lcd2/. Finally, for the pairs (n, k) listed in (7), (8) and (9) except (17, 8) , (20, 4) , (20, 10) and (23, 6), we found an LCD [n, k, d] code, where d is the minimum weight listed in Table 15 . Then we determined the minimum weights d(n, k) for 4 ≤ k ≤ n − 5 and 17 ≤ n ≤ 24. For each of the parameters listed in the table, an LCD code can be obtained electronically from http://yuki.cs.inf.shizuoka.ac.jp/lcd2/.
